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Abstract. The paper proposes a generalization of the well-known Ramanujan
formula for the Riemann zeta function to the case of the polylogarithm. The
resulting formulas allow the acceleration of the convergence of the original
series to exponential speed. As a consequence, formulas for the polygamma
functions and many other special functions can be derived

Introduction

The polylogarithm is a special function de�ned by the Dirichlet series

Li𝑠 (𝑧) =
∞∑︁
𝑛=1

𝑧𝑛

𝑛𝑠

In this work, we consider the values on the unit circle Li𝑘 (𝑒2𝜋𝑖𝜆). A particular case
of the polylogarithm is the Riemann zeta function

𝜁 (𝑠) =
∞∑︁
𝑛=1

1

𝑛𝑠

for which a general formula for even values is known in terms of Bernoulli numbers:

𝜁 (2𝑘) = (−1)𝑘+1 (2𝜋)2𝑘𝐵2𝑘

2(2𝑘)!
For odd values of the Riemann zeta function, Ramanujan's formula [1] provides
good approximations:

𝜁 (4𝑘 − 1) = (2𝜋)4𝑘−1
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𝑚=0

(−1)𝑚+1𝐵2𝑚𝐵4𝑘−2𝑚
2(2𝑚)!(4𝑘 − 2𝑚)! − 2
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1

𝑛4𝑘−1 (𝑒2𝜋𝑛 − 1)

There also exists a similar formula for 𝜁 (4𝑘 + 1)
A large number of generalizations of this formula are known [2]. In the

present work, the values of the polylogarithm on the unit circle Li𝑘 (𝑒2𝜋𝑖𝜆) are
expressed in terms of Bernoulli polynomials. However, the convergence rate of the
remainder series in the resulting formulas depends on 𝜆: the asymptotics of the

general term is 𝑂 (𝑒2𝜋𝑖
√
𝜆𝑛) for 𝜆 ∈ (0, 12 ] and 𝑂 (𝑒2𝜋𝑖

√
1−𝜆𝑛) for 𝜆 ∈ ( 12 , 1) The closer

the point is to -1, the faster the convergence; the farther it is, the slower.
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To overcome this di�culty, the well-known duplication formula for the
polylogarithm was applied:

Li𝑠 (𝑧) + Li𝑠 (−𝑧) = 21−𝑠 Li𝑠 (𝑧2)

For small arguments, this formula allows computing the value of the poly-
logarithm at points with better asymptotics: −𝑧 and 𝑧2. Applying it su�ciently
many times yields an asymptotic of the general term of the remainder series as
𝑂 (𝑒−𝜋𝑛) for any 𝜆.

1. Main results

Theorem 1. ∀𝜆 ∈ (0, 12 ], 𝑘 ∈ N

Li2𝑘 (𝑒2𝜋𝑖𝜆) =
(−1)𝑘+1 (2𝜋)2𝑘𝐵2𝑘 (𝜆)

2(2𝑘)! + (2𝜋
√
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√
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(−1)𝑘𝜆𝑘 sinh (2𝜆−1) 𝜋𝑛√

𝜆√
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𝜆

+ 2 sin (2𝜋𝜆𝑛)
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√
𝜆 − 1
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Theorem 2. ∀𝜆 ∈ (0, 12 ], 𝑘 ∈ N

Li2𝑘+1 (𝑒2𝜋𝑖𝜆) = (2𝜋
√
𝜆)2𝑘+1
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(−1)𝑘𝜆𝑘 cosh (2𝜆−1) 𝜋𝑛√
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𝜆
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√
𝜆 − 1
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Remark 1. It is su�cient to calculate Li𝑘 (𝑒2𝜋𝑖𝜆) only for 𝜆 ∈ (0, 12 ] due to the

identity Li𝑘 (𝑒−2𝜋𝑖𝜆) = Li𝑘 (𝑒2𝜋𝑖𝜆)

Theorem 3. ∀𝜆 ∈ (0, 14 ], 𝑠 ∈ C

Li𝑠 (𝑒2𝜋𝑖𝜆) = 21−𝑠

(
2⌈−2−log2 𝜆⌉ Li𝑠

(
𝑒2

⌈−2−log2 𝜆⌉+1 𝜋𝑖𝜆
)
−

⌈−2−log2 𝜆⌉∑︁
𝑘=1

2𝑘−1 Li𝑠
(
𝑒𝜋𝑖 (2

𝑘𝜆+1)
))

Remark 2. Here every argument lies between 𝜋
2 and 3𝜋

2 , so the asymptotic of the

general term of the remainder series is not more than 𝑂 (𝑒−𝜋𝑛).

2. Approximation of sums of rational functions

The obtained formulas allow expressing rational values of the polygamma function

𝜓 (𝑚) (𝑧) = (−1)𝑚+1𝑚!
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𝑘=0

1

(𝑧 + 𝑘)𝑚+1 , 𝑚 ≥ 1

using a Fourier sum

𝜓 (𝑚)
(
𝑝

𝑞

)
=

(−1)𝑚+1𝑞𝑚

𝑚!
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where 0 < 𝑝 < 𝑞, 𝑚 ≥ 1. For the digamma function, Gauss's formula [3] is known

𝜓
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= −𝛾 − ln 2𝑞 − 𝜋

2
ctg
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𝑞
ln sin

𝜋𝑛

𝑞

where 0 < 𝑝 < 𝑞, 𝛾 is the Euler�Mascheroni constant. Thus, approximate formulas
for sums of rational functions with rational poles can be derived due to the identity

∞∑︁
𝑛=0

𝑚∑︁
𝑘=1

𝑎𝑘

(𝑛 + 𝑏𝑘)𝑟𝑘
=

𝑚∑︁
𝑘=1

(−1)𝑟𝑘
(𝑟𝑘 − 1)!𝑎𝑘𝜓

(𝑟𝑘−1) (𝑏𝑘)

Conclusion

In this work, we derived explicit expressions for the polylogarithm function on
the unit circle in terms of Bernoulli polynomials and rapidly converging series.
By applying the duplication formula iteratively, we obtained uniform asymptotic
estimates for the remainder terms, improving the convergence rate to 𝑂 (𝑒−𝜋𝑛)
regardless of 𝜆. This allows for e�cient numerical evaluation of the polylogarithm
at points on the unit circle.

Moreover, the obtained representations enabled the derivation of formulas
for rational values of the polygamma function using discrete Fourier transform
techniques. These formulas generalize classical results such as Gauss's digamma
formula and provide new tools for analyzing and approximating sums of rational
functions with rational poles.
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