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Bernoulli numbers

Can be defined by the generating function

Bernoulli polynomials
Can be defined by the generating function

tetX
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Note: B,(0) = B,
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Riemann-zeta function
For R(s) > 1 {(s) is defined by the so called Dirichlet series

()=
k=1

For m € N standard Clausen functions are defined by the following Fourier
series

co - 00
o SL-type: Slom-1(6) = >° B, Shm(6) = 3 50
k=1 k=1

[e’e] S
o Cl-type: Clam-1(0) = kgl ke, Clom(6) = Py Kl
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Classic results

Riemann-zeta function
Even values of the Riemann zeta-function are closely connected to the
Bernoulli numbers

_1\ym+1 7.‘_2m m
R

Sl-type Clausen functions

Values of the Sl-type Clausen functions are closely connected to the Bernoulli

polynomials
(=1)""(2m)*" Bom(57)

Slom(6) =

2(2m)!
_1\m 71.2m—1 e 6
Stom1(0) = 2 (z(;m_f; 1(£)
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Ramanujan formula (well-known)

Values of the Riemann-zeta function in 4k — 1 can be expressed via Bernoulli
numbers

2m (o)
_ —1)k*1B5 By
¢(4m —1) = (2m)*m 1 kZO i -2 Zl AT
= n=

Cl-type Clausen functions

Values of the Cl-type Clausen functions can be expressed via Bernoulli
polynomials

(=1'B ) Bam— 1)™ sinh((x—0)n
Clun@) = orin & EV 2Bl s 5 & g & e

Clom-1(0) = (27r)2m—1 f: (=1)*1 Bk (2 ) Bam—2k _9 Z _ cosnf § (=1)" cosh((x—6)n)
k=0 n=1

(2k)!(2m—2k)! n2m=1(e27n—1) n?m=1sinh7n
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° ((3) =15 —2 Z n3(e2"" 0

° C(7) = 516?7750 2 Z n7(eZT”’ 1)

2 g2 X sinh ((7—6
o Ch(f) == — % 4 £ _ 2Zn222ﬂ”f )*le
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Convergence rate

Problem

Convergence rate in these formulas is dependent on 6. General term of the
hyperbolic series can be expressed as O(e"‘(‘g)”). In the original formulas
a(f) = —0 for 0 € [0, 7] and «(f) = 27 — 6 for 6 € [r, 27].

.

Modification

The Lambert series can be adjusted to share part of its convergence rate, so
that both series have () = —v/276 for 6 € [0, 7], and

a(f) = —/27(2m — ) for 6 € [r, 27].

.
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Convergence rate
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Polylogarithm

For R(s) > 1, |z| < 1 the polylogarithm of order s is defined by the Dirichlet

series

> Z
Lis(Z E k_
k=1

Relation to the Clausen functions
On the unit circle polylogarithm can be expressed in terms of the Clausen
functions

° Li2m+1(ei9) = Clam+1(0) + iSlam+1(0)

o Lizy(e) = Slom(6) + iClam(6)
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Convergence rate

Convergence rate

Convergence rate of the polylogarithm is the same as that for the Clausen
functions due to their relation.

Duplication formula

For polylogarithm there exists the duplication formula
Lis(z) 4 Lis(—z) = 21 °Lis(2?)
which on the unit circle can be re-written as

Lis(eie) + Lis(ei(9+7r)) _ 21—sLis(e2i9)

Applied sufficiently many times, this can lead to V6 «(6) < —.

S. Samulevich (ETU) Ramanujan-type formulas and applications 07.17.2025



Duplication formula
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Figure: Heat map of the convergence rate of the polylogarithm
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Duplication formula
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Duplication formula
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Convergence rate

With this technique only values on the left half of the circle should be
calculated, where a(6) < —.

The same trick can be applied to calculate Clausen functions due to their own
duplication formula

Cly(8) — (—1)™Clp(7 — 0) = 217™C1,,(26)
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Other applications

Polygamma functions

Polygamma functions are difined by the derivatives of the logarithm of the

gamma function
d m+1

Wm(z) = 2T ()

Relation to the polylogarithm

Polylogarithm is related to the polygamma functions by the Fourier sum

m m 9 ] .
P

where 0 < p < q.
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Other applications

Sums of rational functions

Sums of rational functions can be expressed in terms of the polygamma
functions

co m 3 m —1) -
Sy =Y ﬁaww 1) (by)

A

Approximation

If roots of the denominator are rational, we achieve convergence acceleration
oo —7mn
upto ) <, O(e™™").
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