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Introduction (1/2)

The idea of approximating the Riemann zeta function, using finite Dirichlet series vanishing
at initial zeros of the zeta function, was described by Gleb Beliakov and Yuri Matiyasevich.
Let s, denote the initial nontrivial zeros of the zeta function, and a; denote the coefficients
of the series to be evaluated. The method proposed involves the solution of a SLAE:

a1 - 175 4 a9 - 2750 4o @y, - mTS = 0
al.1—52+a2.2—52+,__+am'm—82:0;

a1 -17°" +ag - 27" + - 4@y, - m” o = 0.

In order to exclude the trivial solution with a; = 0, an additional restriction is imposed on
the system: a; = 1. Then, to ensure the matrix is square, m :=n + 1.
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Introduction (2/2)

1. The initial coefficients of the
series obtained resemble the
alternating zeta function.

2. Hypothesis: the result series is
similar to

(b1 +b2-27°)((s)
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Extending the method to several coefficients

For a system of equations with several fixed coefficients and the same number of zeros, the
number of the coefficients increases. If n zeros are used and f coefficients are fixed, the
number of rows and columns equals N = n + f.
In matrix form, for fixed a; = 1,a9 = 0,a3 = 0.5:

1 0 0 0 0 7 U
0 1 0 0 0 al
0 0 1 0 0 2
1 g gee gm0 |09
1752 252 3—s2 4=s1 . pos2 @4 0
_1—.5'1\;,3 Q7SN-3  3TSN—3  ATSN-3 | pTSN-3 LAN ] L 0]
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Fixing first f coefficients (1/2)

e The initial coefficients
tend to form horizontal
lines, meaning they have
approximately the same
values;

e For 2 fixed coefficients, 4
lines are obtained (1);

e How many lines will be
obtained from 3 fixed
coefficients?
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Figure 1: Fixed a1 = 1,a2 =0
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Fixing first f coefficients (2/2)

e For 3 fixed coefficients, 6
lines are obtained;

e |t is discovered that each
line contains coefficients
that belong to the same
divisibility class;

e For f fixed coefficients,
if indices ¢« and ; share
divisibility by 2,3, ..., f+1,
coefficients a; and a; are
approximately equal.
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Figure 2: Fixed a; = 1,a2 = 0,a3 = 0.5
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Divisibility classes

With increasing the number of fixed coefficients f, the maximum number of divisibility
classes increases or remains the same.

1. When f + 1 is a prime number, each class contains elements that are e
divisible or not divisible by f + 1; 112
2. When f + 1 is a power of prime p*, only classes that contain p*~! are 214
divided into two classes; 316

3. When f + 1 is not a power of prime, no additional divisibility classes 4112

are added. E.g. if f + 1 = 6, divisibility by 6 is defined by 2 and 3; 51|12

4. Asaresult, for f fixed coefficients ¢, divisibility classes are obtained, 6124

where: 7132

8 | 48

2, if f=1; 9 | 48

cp = % -cg—1, if f+1— prime to the power F; Table 1: ¢; growth
Cf—1, if f/ + 1 — composite, not prime to the power.
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Fixing coefficients from the same class

With restrictions applied to the coefficients from the same class, the solution diverges:
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Figure 3: Fixeda; = 1,a5 =0
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Merging classes

The initial coefficients of a series may be restricted to behave like the coefficients of a
series, constructed with a less number of fixed coefficients, without divergence:
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Figure 4: Fixed a; = 1,a2 = —1,a3 = 1,a4 = —1,a5 =5
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Unexpected divergence with different classes restricted

In some cases the solution diverges, even if the restrictions imposed refer to different
divisibility classes:

B

Figure 5: Fixed ago = 1,a10 = 2,a90 = 3,a390 =4
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Evaluating polynomials describing series obtained (1/2)

Reminder: for 1 fixed coefficient, the result series behaves like (b1 + by - 27%)((s).

For f fixed coefficients, the hypothesis is that the initial coefficients of the result series
resemble such a product:
f+1

() > k.
k=1
For example, with fixed a; = 1, a2 = 0 (1), the first six coefficients of the series are:

1 3
174027 4 (=) 37" +0-47° 4157+ (=5) - 67",
The first six coefficients of the product (b; - 17° + by - 275 + b3 - 37%)((ss) are:

br- 1754 (by+b2) - 27° + (b1 4+ b3) - 37" + (by + b2) -4 "4+ by -5+ (by +ba +b3) - 67°.
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Evaluating polynomials describing series obtained (2/2)

The corresponding system of equations is:

1=bq, b1 =1,
0 =b1 + by, - by = —1,
—%=b1+b3, bgz—%.

In a general case, a coefficient q; is equal to the sum of coefficients b;, where j | i. Such a
system of equations leads to evaluating all values b;. For example, for 5 fixed coefficients:

( (

a1 = by b1 = by = a;
az = by + by by =as — by by = az —aq
az = by + b3 bs =asz — b bs = a3 — a1
— —
ag =by + by + by by =as — by — by by = asy — as
as = by + bs bs = a5 — by bs = a5 — a1
\a6:b1—|—b2+b3+b6 bg = ag — by — by — b3 \b6:a6—a2—a3—|—a1
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Note on unexpected divergence

With the analysis of system of equations for b, conducted, the unexpected divergence (5)
may be explained. With 4 fixed coefficients, there are 5 coefficients b;,. The system of
equations is:

a1p = by + ba + bs; LLoot
a202b1+b2+b4+b5; 1 1 (1) é 1
azo = b1 + ba + b3 + bs; 1 1 1 11

agyg = b1 + by + b3 + by + bs.

One can easily observe that the rank of the matrix is 3. 4 restrictions can not be imposed
arbitrarily on such a system.

Note that fixing coefficients from the same class also decreases the rank of the matrix, which
leads to inconsistency if the augmented’s matrix rank is not decreased accordingly.
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Conclusion

The study discovered several indices configurations affecting series constructed using the
initial zeros of the zeta function.

* When f coefficients are fixed, the initial coefficients share values if they share divisibility
by23,....f+1;

¢ The series obtained resembles a product ((s) Zig brk™%;

* |f the system of equations for ay, is not consistent, the result series diverges;

® As a partial case, imposing restrictions on coefficients from the same divisibility class
leads to divergence.
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