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Problem Statement

Goal: Investigate algorithms on random graphs.

Objectives:
1. Develop an algorithm for random graph generation;

2. Conduct statistical analysis of generated graphs;

3. Analyze time efficiency of breadth-first and depth-first search;
4. Analyze time efficiency of minimum spanning tree algorithms;
5. Compare graph colouring algorithms for random graphs;
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Random Graph Models

Graph Model Description

Two popular random graph models are described in literature:

1. Uniform model (Erdds-Rényi model) G(p, q): given p, ¢ — number of vertices and edges. The graph
is defined by uniformly random ¢ edges from possible C(p, 2) [1].

2. Binomial model (Gilbert model) G(p, r): given p,  — number of vertices and probability of each
edge appearing in the graph [2].

The uniform and binomial models generate similar graphs as p increases.
® Average vertex degree in uniform model: 2¢/p;

® Let o be a random variable representing vertex degree, ¢, = p(p — 1)/2.
Then by LLN:

Gp,m): E(o)=7(p—-1), q/qm pjo .

The binomial model is much simpler to study. In particular, vertex degree distribution can be easily
calculated using the binomial distribution: each edge is inserted independently with fixed probability.
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Model G(p, q)

Tree Generation

To guarantee graph connectivity, a random tree can be generated first and then enriched with edges. For tree
generation, the Prlifer code is used.

® There exists a bijection between sequences
{ai}i—y , o where a; € {1..p}, and labeled trees
with p numbered vertices; pruferTree:
Input: Number of vertices p € N.
Output: Tree T'(V, E), defined by edge set E, with
vertices numbered 1..p.
t := randSeq (p — 2, p) / generate p — 2 random
numbers in range 1..p

® The sequence corresponding to a tree is called
Priifer code;

® The original tree can be reconstructed from the
sequence using the unpacking algorithm [3, c. 304].

® Thus, to generate uniformly random trees, it's T := unpack (t) /obtain tree from code
sufficient to generate uniformly random Prifer return T
sequences.

S. Ivanov, R. Cherepanov (ETU) Random Graph Generation and Processing 17.07.2025



Model G(p, q)

Edge Generation (1/3)

1. In a complete graph with p vertices, there are
p(p—1)/2=C(p,2) edges.

2. An edge can be represented as a unique ordered pair of
incident vertices (a, b), where a < b.

3. The set of such pairs can be ordered. The index i of
pair (a, b) in the ordered list is its index.

4. The number of pairs with a fixeda and b > ais p — a.

5. The number of pairs with a’ < a is obtained by 1
o a
summing: 1 2 3 24 3
az_l (p—d') = (a—1)(2p—a) getIndex:
P 2 ' Input: edge (a,b) € {1..p}? : a < b, number of

a’=1

vertices p € N.
6. Within groups with a fixed a, the index shifts by b — a. Output: index of edge i € {1,p(p — 1)/2}.
return (a — 1)(2p — a)/2 + (b — a)
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Model G(p, q)

Edge Generation (2/3)

7. Conversely, a is the largest integer solution of the

following system of inequalities:

. getEdge:
—1)(2p — 2
{(a )@p—a) <2, Input: index of edge i € {1..p(p — 1)/2},
a<p number of vertices p € N.

Output: edge (a,b) € {1..p}* : a < b.

@ = ceil (2p+1—sqrt((2p-2-1)2—4(21+2p))) 1

// lrlrmin_} -1
2 2\

8. It can be found using binary search;

9. Alternatively, by solving the equation

// offset recalculation

for z. Then a = [Zmin | — 1, Where iy is the
return (a, b)

smaller root.

10. The weakness of the second method lies in
extracting the root during the solution search.
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Model G(p, q)

Edge Generation (3/3)

Introducing indices
generation.

Let X, = {z € N| 2 < p(p —1)/2}. Then:

1. All p — 1 tree edges are mapped to indices T' =
array[l..p — 1] of X;

significantly  simplifies edge

2. Adensity d is defined, from which we compute | =
d - p(p — 1)/2 — the number of new edges;

3. [ elements are randomly selected from X;

4. Array T is extended to length | by appending
generated indices without duplicates.

Note. Despite the apparent simplicity of generation, the
complexity of the set procedure is quadratic with respect
to the number of vertices p. Moreover, a “fair” choose
function (which does not require storing the entire set
Xp) is unavailable in most widely used programming
languages. Therefore, genGraph requires O(\Xp\) space
and O (p?) time, excluding conversion overhead.

genGraph:
Input: Tree T': array[1..p — 1] of X, as an index array, density
d e (0,1]
Output: Graph G, represented as an adjacency list
l:=l|d-p(p—1)/2]
if | > p — 1 then // select | elements from X,
E := choose (I, X;) / randomly select elements
G :=set (E,T) // merge E with T’
end if
return indToList(G) / convert indices to adjacency list
set:
Input: Graph G': array[1..p — 1] of X, edges E: array/[1..l] of X,
Output: Graph G, represented as an index array

fore € Edo
if e ¢ G then
G:=G+e
end if
if |G| = I then return G
end if

end for // terminates by the pigeonhgle principle
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Model G(p, q)

Random pairs (1/3)

Alternative approach. One can generate the set of edges without using indices, by selecting vertex
pairs at each step.

rndPairs:

Input: tree T': array[1..p] of V as adjacency lists, d € N — number of edges to insert.
Output: Graph G represented as an adjacency list: array[1..p] of V
while d > 0 do
a:=rand(1l,p), b:

ifab& T ¢

T[Z] i then
T[]
,T(a])

Append( [a).@

Append (T'[b].i
d:=d-1
end if
end while
return T’

This algorithm uses no intermediate data structures, so its memory complexity is O(1).
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Model G(p, q)

Random pairs (2/3)

Time complexity can be estimated based on the following considerations:
1. The probability of generating a loop is 1/p;
2. The probability of selecting an already existing edge is the current number of edges k
divided by the maximum possible number p(p — 1)/2;
3. The number of trials until the first success follows a shifted geometric distribution:
¢ ~ Geom(p), E€ = 1/p;
4. If there are currently k edges, the probability of generating a suitable edge is:
1 2k p+2k p*P—2k-—p
Flgn) =1 p P ! p? o
The total expected number of trials to generate edges from the p-th to the ¢-th:

q 2

p
D -

The number of edges to be inserted can be upper-bounded by ¢ = p(p — 1) /4.
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Model G(p, q)

Random Pairs (3/3)

The maximum value of the term in the sum is achieved at k = ¢: m =2+0(1/p).

1. We need to generate ¢ — p + 1 edges, and each generation on average takes up to two attempts;

2. Time complexity is O(2q) + O(2¢L) + O(qA), where L and A are constants depending on the
complexity of element search and list insertion;

3. The last edge will require about p?/2 attempts, the second-to-last — p?/4 attempts. This is a
harmonic series scaled by a factor of p?/2;

4. The expected number of edge generations for the complete graph with ¢,,, = p(p — 1)/2 edges
from a tree with p — 1 edges is p?/2 - H(q,, — p + 1);

5. To estimate the number of operations for generating ¢ < ¢,,, edges, subtract the terms correspondir

toedgesq+1,¢+2, ..., gm — 1, ¢m.
As a result, a tail of the finite harmonic series remains:
2 2
D ( p gm —p+1
= (H(gm —p+1 —qu—q)%f-ln .
~ (s )= Hlan —q)) = m =t
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Model G(p, ) (1/3)

In the G(p, ¢) model, the question of representativeness was not addressed. Now let G(p)
denote the set of graphs with p vertices. Introduce the equivalence relations: edge
isomorphism = and equality of edge count ~. g

1. The structure G/ ~and G/ = allows for refinement (G/ ~)/ =; H: H:
2. Llet (G/ ~) ={H;},and (H;/ =) = {H;;}. He:

Denote |Hl’ = Ai, |Hz]| = AU o
3. The probability of a graph falling into a factor set G/ = is:

7T(G S HZ’]‘) = 7T(G S HZ)TF(G S H1]|Hz) = 7T(G € I‘Il)AU/AZ

H22

4. If m(G € H;) = A;/|G| = >_,; Aij /|G| is chosen, then "

m(G € Hy;) = Ayj/|G].
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Model G(p, ) (2/3)

¢ The sizes of the classes are known: (¢ = qo) ~ G(p, 90) = C(qm, );

e Binomial coefficients grow rapidly. For example, C(5000, 2500) =~ 1.59 - 101503,
Simulating a discrete distribution with such weights is difficult;

e |t is more convenient to switch to the Gilbert model with independent edge probability
0;

e Consider a graph with numbered edges. The probability of generating it is equal to
I h(i), where

0, if the edge with number i isin G(V, E),
1 — my, otherwise;

e When 7y = 0.5, the probability of each graph is 279,
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Limit Theorems

In the context of random graph construction, the following theorems for the Gilbert model
are useful, enabling one to bypass the preliminary generation of spanning trees.

Theorem 1. If 7 > Inp/p, then the graph is asymptotically almost surely connected. If

m < Inp/p, then the graph is a.a.s. disconnected. If 7 = In p/p, then the probability that the
graph is connected a.a.s. is 1/e [4].

Example. Suppose the graph represents telephone lines between cities. Further, assume

7m = 3lnp/p — the probability of stable communication between any two cities. Then the
probability that the graph is connected is at least 1 — 1/p. For example, for p = 1000, we
have m = 0.021, but the probability of connectedness is 0.999.

Theorem 2. If the density d > \/21np/p, then the graph a.a.s. has diameter 2. If the
density d < y/21np/p, then the graph a.a.s. has diameter greater than 2 [5].
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Model G(p, ) (3/3)

All graphs are equiprobable, meaning the probability of generating an element belonging to
the equivalence class H;; under the relation G/ = is proportional to | H;|.

Input: Number of vertices p € N, edge
probability mo € (0, 1]

Output: Connected graph 1. r(m9) — generates a random number from the

G(V,E),|V|=p Bernoulli distribution with p = 7.
V :=array [1..p] of N 2. Apply Theorem 1:
repeat 7 =0.5, p=>5000, 3Inp/p < 0.006 =
for:fio}m l1top—1do Te <2 10_%: ) ] .
for j fromi + 1 to p do The probability of disconnectedness is sufficiently
if (7o) then low.
enfiiz’: B+ (.9 3. Time complexity of the algorithm:
end for @ (pQ) +0 (p +p2) =0 (p2) )
end for

until con(V, E) // connectivity
return {V, £}
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Traversal Algorithms

Implementation [3, p. 258]

Input: Graph G(V, E) represented by adjacency lists I
Output: Sequence of visited vertices.
for v € V do z[v] := 0 end for
selectv € V
v — T // select an arbitrary vertex
z[v] :=1// markit
repeat
u < T // extract next vertex
yield u
for w € I'(u) do
if z[w] = 0 then // if not visited
w — T // add to data structure
z[w] :=1// mark it
end if
end for
until T = o

[ERN

. The traversal type is determined by the

data structure T": a stack results in
depth-first search, a queue in breadth-first
search;

. The search algorithm starts by randomly

selecting a start and a destination vertex.
The algorithm stops once the destination
is reached;

. The number of marked vertices is used as

a comparison metric for traversal
strategies;

The geodesic distance between the start
and destination vertices is tracked.
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Traversal Algorithms

Model G(p, q). Statistical Analysis (1/2)

The study is conducted in the space d p avg BFS | avg DFS | avgr
(d.r.log, (BFS/DFS) ). 0.0005 | 5000 | 2500.5 | 2499.8 | 11.26
0.001 | 5000 | 2498.9 | 24984 | 554

A rough averaging over all distances
shows that the algorithms behave
asymptotically the same.
Observation: despite extremely
low densities, the average distance
between vertices becomes less than
2 starting from a density of 0.032.
This phenomenon is explained by
Theorem 2.

0.002 | 5000 | 2498.6 | 2503.1 | 3.95
0.004 | 5000 | 2500.9 | 25053 | 3.13
0.008 | 5000 | 2500.3 | 2499.7 | 2.71
0.016 | 5000 | 2502.3 | 2504.2 | 2.26
0.032 | 5000 | 2499.9 | 2504.5 | 1.97
0.064 | 5000 | 2496.8 | 2504.1 | 1.94
0.128 | 5000 | 2501.6 | 2499.1 | 1.87
0.256 | 5000 | 25054 | 2499.6 | 1.75
0.512 | 5000 | 2502.0 | 2500.6 | 1.49
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Traversal Algorithms

Model G(p, q). Statistical Analysis (2/2)

At a fixed density, the
efficiency of depth-first
search increases  with
distance.

At a fixed distance, the
efficiency of depth-first
search increases  with
density.
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Traversal Algorithms

Model G(p, ). Statistical Analysis (1/4)

The analysis is conducted in the
space (d, r,logy (BFS/DFS)).

1. Atotal of 5716 connected
graphs of the Gilbert model
G(p = 5000, 9 = 0.5) were
generated;

2. On each graph, 500 iterations
of both breadth-first and
depth-first search were
performed.
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Traversal Algorithms

Model G(p, 7). Statistical Analysis (2/4)

Frequency
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Traversal Algorithms

Model G(p, 7). Statistical Analysis (3/4)

Smoothing (moving average) |BFS/DFS]|
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Traversal Algorithms

Model G(p, 7). Statistical Analysis (4/4)

Smoothed BFS/DFS at Real Scale

0.5 1
0o —— Distancer =1
) —— Distancer =2

log,(BFS/DFS)

0.4996 0.4998 0.5000 0.5002 0.5004
Density d
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Traversal Algorithms
Conclusions

As a result of applying the Monte Carlo method to compare breadth-first and depth-first
search algorithms, we observe:

1. As the distance increases, at fixed density, the BFS algorithm becomes more efficient
than DFS;

2. As the density increases, at fixed distance, the BFS algorithm becomes less efficient
than DFS;

3. For random graphs of models G(p, q) and G(p, 7), the second effect is almost
negligible compared to the first.
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Spanning Trees

Prim’s Algorithm [3, pp. 330] (1/3)

Note. T'(u) — list of vertices adjacent to w. for i from 1 top — 1 do
x := oo //initial value for search

@ — critical points for performance evaluation.
forv e V\ Sdo

if B[v] < z then @
w := v //found a closer vertex

prim:
Input: Graph G(V, E) represented by edge weight matrix C x = B[v] #and its distance
Output: Set T of edges of the minimum spanning tree end if

end for
S := 8 + w /add vertex to the tree
T:=T+ (afw],w)
for v € I'(w) do
if v ¢ Sthen @
if B[v] > Clv, w] then @
afv] := w #update closest vertex
Blv] := Clv, w] /and the weight

select u € V //select arbitrary vertex
S = {u} /5 — set of tree vertices
T := @ /T — set of tree edges
forv e V —udo
if v € I'(u) then @
afv] :=u //u — closest tree vertex
Blv] := Clu,v] /C[u,v] — edge weight

else
alv] := 0 //closest vertex unknown end if
Blv] := oo //distance unknown end if
end if end for
end for end for

Random Graph Generation and Processing 17.07.2025
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Spanning Trees

Prim’s Algorithm (2/3)

1. Theoretical complexity of Prim’s algorithm is
O (p*) =0(q);
2. This suggests that:

2.1 Prim's algorithm is more efficient on denser
graphs;

2.2 The complexity depends linearly on edge density
m for fixed p: ¢ = dp(p — 1) /2.

3. The operations counted at the critical points have
comparable complexity, which allows us to sum
counters to estimate algorithm efficiency;

4. Numerical experiments were conducted on the G(p, )
model, with p = {200, ...,500}, = = {0.1,...,0.9}.
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Spanning Trees

Prim’s Algorithm (3/3)

The dependence of computational complexity on the graph size is expected and does not
depend on the weight distribution:

—— waste

4001 e Polynomial interpolation f, deg(f) = 2
o
8300
—
3
£200
©
<

100

0
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500 600 700
Number of vertices p
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Spanning Trees

Kruskal’s Algorithm (1/3)

Kruskal’s algorithm is implemented using a disjoint set system corresponding to the connected

components of the MST graph.

kruskal:

Input: List E of edges (I, r) € [1..p]2 of graph G with

weights, sorted in ascending order.

Output: set T" of edges of the minimum spanning tree.
C:= [{1},{2},...,{p}] Vinitialize connected
components
fore € Edo

if Cle.l] # Cle.r] then @ //edge between components
C :=mergeC(C, e.l, e.r)
T:=T+e
if |T| = p — 1 then

return T’

end if

end if

end for

mergeC:

Input: Disjoint set system C' and two vertices [, r to be
connected by an edge.
Output: Updated disjoint set system C.
C[l] := C[l] + C[r] Henrich first component
d := C[r] //remember second component
for cin C do
if c = d then e //all copies of second component
¢ := C[l] //replace
end if
end for
return C
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Spanning Trees

Kruskal’s Algorithm (2/3)

1. The theoretical complexity of Kruskal's algorithm
consists of two estimates:

1.1 Sorting complexity — in our case quicksort —

is O (qlog q);
1.2 The complexity of the main part strongly
depends on the chosen data structures. In

our case O (q-a(p)) where a(p) is the inverse
Ackermann function;
The final estimate is (Cl qlogq+Cs-q- a(p));

2. Assumption: the efficiency of the second
estimate correlates with the type of edge weight
distribution;

3. Asymptotically the estimate

O (qlogq) = O (dp” logdp) ;

. The total estimate is well-known and not the

focus of the study;

. This work investigates the second part of the

estimate for distributions:

5.1 Normal u ~ N (p,0?),
5.2 Discrete uniformu ~ U (I, r),
5.3 Constantw =1,

. The Gilbert model G(p, ) is used with p €

{100,200, ...,500}, 7 € {0.1, 0.3,...,0.9};

. Note. For the problem only variance o2

and support size supp(¢) of the weight
distribution matter.
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Spanning Trees

Kruskal’s Algorithm (3/3)

1. On the ordinate axis, the shifted number of operations

is plotted: waste[i] — min {waste} , o p=500.w=1
—— p=500, w~UI[0, 10]
2. The "elbow" of the curve of complexity dependence on —— p=500, w~UI0,30]

. . . . . —— p =500, w~U[0, 10e8]
density is clearly visible in the plots;

3. This is not a statistical error: any such curve has a bend;

%

4. Observation: increasing the number of unique weights
in the graph significantly reduces the complexity of the
main loop of Kruskal’s algorithm;

Iy

w

5. For p = 500 the complete graph has ¢ = 124750, and for
a graph with density = = 0.2 we have ¢ = 24950 which
is 3 orders of magnitude larger than the support size of

waste; (offset waiste /103)

N]

U [0,30]; 1
6. With further increase of r the curve approaches
the x-axis, i.e. the complexity of the algorithm loses 0
dependence on denSity! 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Densi‘ty d (rounded to 0.05)
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Spanning Trees
Auxiliary Experiment

Kruskal’s algorithm processes edges of the graph whose weights do not exceed the weight

of the heaviest edge in the tree. To estimate their number, the following experiment was
conducted:

1.

Construct a random graph in the Gilbert model G(p, ).

2. Assign random real-valued weights to the edges.

3. Build the spanning tree T'(G).

4.

5. Determine the number of edges ¢, in the original graph whose weights are less than

Find the heaviest edge in the tree ¢, € E(T).

the weight of ¢;.

The parameter ¢, serves as an estimate of the number of edges processed by the algorithm.
For each density 7 € {0.1,0.3,0.5,0.7,0.9}, 500 experiments were conducted on graphs with
p = 500. The results are shown in the table:

m | 0.1 0.3 0.5 0.7 0.9
¢y | 1705.58 | 1658.972 | 1684.958 | 1695.988 | 1697.906
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Spanning Trees
Conclusions

As a result of the numerical experiments:

e For Prim’s algorithm, it was established that the operation count estimate grows linearly
with the number of edges in the graph;

e For Kruskal’s algorithm, an interesting dependence was found between the number of
processed edges and the distribution of their weights. For sufficiently large supports,
the number of processed edges does not depend on the number of edges in the graph.

Further research could examine more weight distributions to clarify the rate at which Kruskal’s
algorithm loses dependence on the number of edges in the graph as the support size increases.
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Graph Colouring

Naive Colouring and Colouring with Heuristic [3, pp. 359, 360]

Algorithms for naive and greedy colourings are shown. The greedy algorithm colours vertices in descending
order of their degrees.

Input: Graph G.

Input: Graph G. Output: Colouring C : array [1..p] of 1..p

Output: Graph colouring — an array C' : array [1..p]

Sort (V) /by non-increasing o (v)
of 1.p ¢:=1forv €V do C[v] := 0 end for
forv e V do while V' # & do //vertices without colours remain
C[v] := 0 /all vertices are uncoloured for v € V do
end for

foru € " (v) do

forv € V do if C[u] = c then /neighbor with colour ¢
A:={1,...,p} Navailable colours nP:Xt for v
foru € I'(v) do end if
A= A\ {C[u]} /used colours end for
end for Clv] := ¢;V :=V \ {v} #colour vertex v
Clv] := min A with ¢
end for end for
c:=c+1
end while
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Graph Colouring
Experiment Setup

¢ In both algorithms, the main operation is checking the colours of a vertex’s neighbors.
For this reason, no significant efficiency difference is expected apart from the sorting
overhead.

e |t is interesting to compare the accuracy of the algorithms without computing the
exact minimal colouring — it is enough to compare the number of colours used on the
same random graph.

e Another research direction is to analyze how many colours are needed to colour a
graph depending on its density.

The experiment used the G(p, w) model with p = 5000 and 7 € {0.1,0.3,0.5,0.7,0.9}. For
each density, 10, 000 graphs were generated, and each graph was coloured by both methods.
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Accuracy Comparison (1/3)

e Naive algorithm u
1200 4 ~~~- Quadratic Naive trend 44"
e Greedy algorithm 4
P
---- Quadratic Greedy trend i
1000 | o
3 %
4 800 | b
0 +
‘5 ‘g
S 6001 "
o '4'
”'
L4
400 S
0.
200 | P
6"
01 02 03 04 05 06 07 08 09
Density

. The algorithms show very similar

results, with a slight advantage for
the greedy algorithm.

It was not possible to reliably
determine the growth rate of the
number of required colours based
on only 5 points.
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Accuracy Comparison (2/3)
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. At density 0.5 (where the sample

is representative), the greedy
algorithm shows slightly better
results.

. The numbers of colours required

differ only slightly, with some
overlap in the data points.
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Accuracy Comparison (3/3)

1400 | 1. In rare cases, the greedy algorithm performs
no better, or even worse, than the naive
1200 algorithm.
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Conclusions

Based on the comparison of the two algorithms:
® On average, the greedy algorithm finds a colouring using slightly fewer colours;
® In rare cases, the greedy algorithm yields a colouring with more colours than the naive
algorithm.
Future research could explore a wider range of densities to better estimate how the number
of colours required by approximate colouring algorithms grows as the number of edges in
the graph increases.
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